Electron-pair uncertainty relationships of generalized Heisenberg type in quantum mechanics are formulated. They express restrictions imposed by quantum theory on the electron-pair intracule (relative motion) and extracule (centre-of-mass motion) densities in the two complementary spaces by means of the corresponding statistical moments. These relations are shown to reduce to an elementary or Heisenberg form when the intracule-extracule isomorphism holds. The validity of this isomorphism is also discussed for some special systems.
Atomic units are used throughout this letter. The position (momentum) expectation value r 2 ( p 2 ), which is the second central moment of the one-electron density function ρ 1 (r) ( 1 (p)), gives an uncertainty measure of the position (momentum) of a single electron in the system. The joint position-momentum uncertainty measure is, according to (1) , bounded from below by the number of particles of the system. Later on, this principle was expressed in various generalized and improved forms by the use of one-electron statistical moments rather than the second and/or information entropies to describe the single-electron position and momentum uncertainties [2] [3] [4] . Let us highlight the general one-electron uncertainty relationship [3] given by
and C m ≡ ] m/3 , where (x) is the Euler gamma function and e = 2.718 . . . is the exponential number, which expresses indeterminacy of positions and momenta in terms of the mth moments of the corresponding distributions, and is included in equation (1) as a particular case.
To properly study the correlation effects in atoms and molecules due to the electronelectron repulsion term of the corresponding Hamiltonian, one has to go beyond the oneelectron density ρ 1 (r), which considers the interelectronic interaction only in an average sense, and to work with the position (momentum) electron-pair density function ρ 2 (r 1 , r 2 )
The use of the relative and centre-of-mass coordinates to describe the motion of the two interacting particles allows one [5] to decompose the six-variable function ρ 2 (r 1 , r 2 ) into two three-variable functions, the electron-pair intracule (relative motion) density
and the electron-pair extracule (centre-of-mass motion) density
where δ(r) is the three-dimensional Dirac delta function. The intracule density ρ I (u) describes the probability density function for the relative vector r k − r l of any pair of electrons k and l as u, and the extracule ρ E (R) represents the probability density function for the centre-of-mass vector (r k + r l )/2 of any pair of electrons k and l as R. An exactly analogous decomposition can be written for the electron-pair density function in momentum space, 2 (p 1 , p 2 ), by means of the momentum electron intracule π I (v) and extracule π E (P ) densities, which represent the electron-pair density functions for the relative momentum vector p k − p l as v and for the centre-of-mass momentum vector (p k + p l )/2 as P , respectively. Nowadays it is becoming more and more apparent that numerous aspects of the electron correlation problems in atoms and molecules can be explicitly and easily interpreted in terms of these position and momentum intracule and extracule densities. For example, intracule and extracule moments in position space ( u n = ρ I (u)u n du and R n = ρ E (R)R n dR, respectively) represent location and energetic properties of electron pairs in a many-electron system. See [6] [7] [8] for a review; we refer to [8] for notations and definitions.
To date there does not exist in quantum mechanics any general or elementary electron-pair uncertainty principle connecting the intracule and extracule electron-pair moments of equal order in position and momentum spaces. The main purpose of this letter is to formulate such a general electron-pair uncertainty principle, and to study its reduction to an elementary or Heisenberg form by use of an isomorphism between the intracule and extracule properties of the N-electron system under consideration.
However, the following rigorous rule, recently found by Koga [9] is known:
which connects the position one-electron and two-electron intracule and extracule moments. An exactly analogous expression also holds for the corresponding momentum one-and twoelectron moments p 2 , v 2 and P 2 . To obtain equation (5), Koga introduced a generalized electron-pair density function g(q; a, b) defined by
where a and b are real-valued parameters and the angular brackets represent the expectation value over the N-electron (N 2) wavefunction . The function g(q; a, b), which is normalized to the number of electron pairs N(N −1)/2, includes both electron-pair spherically averaged intracule (a = 1, b = −1) and extracule (a = 1, b = 1) densities as well as the one-electron spherically averaged (a = 1, b = 0) density function [9] . The moments of this function are
so that
Following the same procedure as [9] and taking into account that
one finds that
in position space, and an exactly analogous inequality in momentum space for the moments v 2n , P 2n and p 2n . The combination of inequalities (2) and (10) and its analogous combination in momentum space gives rise to the general electron-pair uncertainty relations
For n = 1 this inequality reduces as
which is exhausted for the ground state of a two-particle system in a harmonic potential.
As for the one-electron inequalities (1) and (2), these relationships may be interpreted as the joint electron-pair position-momentum measure being bounded from below by the number of electron pairs of the N-electron system under consideration.
To gain a further insight into the physics of these fundamental uncertainty principles, we shall analyse them for those N-electron systems whose position and momentum density functions satisfy the even-parity property
which is fulfilled when (r 1 , r 2 , . . . , r j , . . . , r N ) = ± (r 1 , r 2 , . . . , −r j , . . . r N ). Then, the corresponding position intracule and extracule moments given by equation (8) can be written in terms of the bielectronic density.
fulfil the relationship
Similarly, the momentum intracule and extracule moments verify that
On the other hand, taking into account equations (3) and (4) and relation (13) and the momentum counterparts, one obtains straightforwardly that
Then, from inequality (11) and equations (16) and (17), one easily finds the following intracule and extracule uncertainty relationships:
For n = 1 these uncertainty relationships have the elementary or Heisenberg-like form
Inequality (21) is an elementary intracule uncertainty principle, which reveals a striking feature of quantum mechanics, namely that the relative distance of an electron pair in position and momentum spaces cannot be simultaneously assigned arbitrarily precise values. Moreover, it reflects the fact that the classical concepts of interelectronic distances and momenta are not applicable to physical reality. On the other hand, inequality (22) can be viewed as an elementary extracule uncertainty principle, which says that the position and momentum of the centre of mass of electron pairs cannot be simultaneously determined with arbitrary precision.
At this point one has to mention that the electron-pair 2 n -rules (16) and (17) are not only true for the many-electron system with the property (13), but also approximately hold for the 102 neutral atoms from He to Lr in their ground states, 53 singly charged cations from Li + to Cs + and 43 stable anions from H − to I − in their ground states within a Hartree-Fock framework [10, 11] . Moreover, the numerical validity of the relations (18) has been shown for the spherically averaged densities within the Hartree-Fock framework [8, 11] To understand, at least in the atomic Hartree-Fock level, the approximate isomorphism between intracule and extracule properties expressed by equations (16)-(18), first shown by Koga et al [8, 11] , let us consider the electron-pair density ρ 2 (r 1 , r 2 ) of a single Slater determinant given by
where ρ
is expressed in terms of the single-electron spin-orbital wavefunctions as
, with the symbol δ s (j, k) = 0, 1 when the electrons j and k have different and equal spins, respectively.
One notices that this function fulfils the even-parity condition (13) when the two electrons of the pair have antiparallel spins or, if not, when they belong to subshells of the same parity. For the intracule part, ρ I (u), the major contribution originates [12] from the four innermost subshell pairs. Moreover, all these four intracule contributions satisfy the condition (13) except that of subshell 1s2p, which makes the smallest contribution. A similar situation occurs for the extracule part, ρ E (R) [12] . In momentum space an exactly analogous study leads us to state that the major contributions to the intracule and extracule densities originate [12] from a few outermost subshells, which dominantly fulfil the even-parity momentum condition. One therefore understands that the intracule-extracule isomorphism is acceptably approximate in a Hartree-Fock framework [8, 11] .
The isomorphism between intracule and extracule properties of many-electron systems as described by expressions (16)- (18) is exact when the density functions ρ 2 (r 1 , r 2 ) and
where k is a given oscillator constant. The use of relative and centre-of-mass coordinates allows the Hamiltonian to be separable so that the total wavefunction for singlet states is given
is the singlet spin wavefunction, ξ(R) and (u) being the solutions of the Schrödinger equations
respectively, and the total energy E = E R + E u . For the particular case k = 1 4 , the ground-state solution can be obtained analytically as [14] (r 1 
with E = 2 and N 0 a normalization constant. Then, one can calculate in exact form not only the one-electron density function ρ(r) [14] , but also the two-electron intracule and extracule density functions
respectively. Their corresponding moments are
respectively. Then one notices that (i) the ratio u n /(2 n R n ) has the values 0.55, 0.79, 1.19, 1.37, 1.54 and 1.71 when n = −2, −1, 1, 2, 3 and 4, respectively, and (ii) the ratio
So, the intracule-extracule isomorphism is therefore not valid for this specific Hooke atom, even at the acceptably approximate level encountered for neutral and charged atoms [8] . In summary, we have formulated an electron-pair uncertainty principle of generalized Heisenberg type given by equation (11) , which bounds from below the product of the involved position and momentum electron-pair moments. This general principle has led us to find intracule and extracule uncertainty principles given by inequalities (19) and (20) respectively, whose validity is strongly connected to that of the intracule-extracule isomorphism expressed by equations (16)-(18) . This isomorphism is shown to be exact when the position and momentum electron-pair densities satisfy an even-parity condition. Moreover, this isomorphism has been found by Koga et al [8, 11] to be acceptably approximate for a large sample of neutral and charged atoms, indicating that the relative motion and the centre-of-mass motion of an electron pair in these systems are not independent. We have realized, however, that it is not generally valid at the same order of approximation as illustrated for the Hooke atom.
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